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A complete theoretical framework for photon elastic scattering has been implemented in GEANT4 and is vali-
dated against experimental results. The implementation covers all atomic numbers and energy range between
0.3 MeV and 20 MeV. The total elastic scattering cross section is calculated based on scattering amplitudes to
account for interferences between coherent processes. New scattering amplitudes are calculated for Rayleigh
scattering to extend the cross section data table and avoid interpolation and extrapolation. Validation on a

significant number of test cases showed good agreement between our implementation and experimental data.

1. Introduction

The elastic scattering of photons has been a topic of interest in
theoretical and experimental physics in the past century but it was
mostly disregarded in the last two decades. The emergence of high-
energy, high-flux laser Compton scattering (LCS) gamma sources, such
as HIyS [1] and NewSubaru [2] as well as the future ELI-NP Gamma
Beam System (GBS) [3] and SLEGS [4], brings the elastic scattering
back into the focus of scientific research. The improved characteristics
in terms of intensity and bandwith of LCS beams open the possibility to
study such phenomena with unprecedented accuracy. Experimental
proposals regarding more precise measurements of Delbriick scattering
have already been put forward [5]. Elastic scattering is a source of
background that becomes significant when using narrow bandwidth
LCS beams for fundamental as well as applicative studies. For instance
nuclear resonance fluorescence (NRF) for active interrogations of spe-
cial nuclear materials is advantageous when performed with an LCS
gamma beam, provided that a correct estimation of the elastic scat-
tering background is undertaken [6].

Elastic scattering implementations from typical particle transport
codes, such as GEANT4 [7] or MCNP [8], are limited to Rayleigh
scattering and ignore the rest of the processes [9]. This approximation
is suited for low photon energies but yields a considerable difference
between simulation and experiment for energies above 1 MeV. Only
recently, Omer and Hajima [10] made the first attempt at implementing
the total elastic scattering cross section in GEANT4. However, the im-
plementation was limited to a maximum photon energy of 3 MeV. Here,

we extend the implementation of photon elastic scattering for energies
up to 20 MeV to cover the energy domain of the future LCS source at
ELI-NP facility. Hence the future photonuclear experiments and appli-
cations at ELI-NP and other similar facilities can benefit from a correct
estimation of elastic scattering background [11,12]. Our implementa-
tion uses the complete theoretical framework for the photon elastic
scattering. The total elastic scattering cross section is calculated based
on scattering amplitudes to account for the constructive and destructive
interference effects between the coherent processes. In order to fully
describe the elastic scattering of photons the following processes have
been considered: Rayleigh, nuclear Thomson, Delbriick and nuclear
resonance scattering. Rayleigh scattering amplitudes were calculated
using the second-order scattering matrix (S-matrix) and modified form
factors. Delbriick scattering contribution was implemented using scat-
tering amplitudes based on first order Born approximation. Nuclear
Thomson scattering and nuclear resonance scattering contributions
were calculated using analytical formulas. Section 2 presents the the-
oretical background for the four components of the elastic scattering
process. Data processing and code implementation are described in
Section 3. Verification, validation procedures and results discussion
follow in Section 4.

2. Theoretical background

The differential cross section for elastic scattering consists of two
terms and can be expressed as [13]:
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do exp do coh do incoh

- = | + | —
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where coh and incoh refers to the coherent and incoherent part of the
elastic scattering cross section.

2.1. Coherent scattering cross section

The coherent term in Eq. (1) can be calculated as:

do coh 1
— | ==04P + AP
(8] = 0ar +m) .
where A and A, are the scattering amplitudes parallel and perpendi-
cular to the scattering plane. The scattering amplitudes are calculated

according to the relation:
3

where indexes refer to the nuclear Thomson (T), Rayleigh (R), Delbriick
(D) and nuclear resonance scattering (N).

A=AT + AR 4+ AP 4+ AN

2.1.1. Nuclear Thomson scattering
Nuclear Thomson scattering amplitudes can be calculated analyti-
cally using the following expressions [14]:

m
A = —RZ>—

(€]

m
A= —rezzﬁecos )

)
where r; is the classical electron radius, m,. is the electron mass, Z is the
atomic number, M is the nucleus mass and 6 is the scattering angle.
Nuclear Thomson amplitudes are energy independent and have no
imaginary part. The angular distribution is contained in A in the form
of cos(6).

2.1.2. Rayleigh scattering

Rayleigh scattering can be understood as the scattering of an elec-
tromagnetic wave off the bound atomic electrons in a collective and
coherent fashion. The atom as a whole recoils in order to achieve
conservation of momentum. A rigorous theoretical description of the
process would require taking into account the contribution of each
electron to the scattering process but this can become computing in-
tensive [14]. As a result two approximate methods were used to cal-
culate Rayleigh scattering amplitudes. The first method is based on
Thomson amplitudes and atomic form factors [14], while the second
method takes into account the individual contribution of the significant
electrons and a general description for the rest of them [15,16].

In the first method the scattering amplitudes are calculated ac-
cording to:

-1, f (x, V4 ]
N

Thomson

- - 7

Rayleigh

A

©
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Thomson

(7)

where f(x, Z) is the atomic form factor representing the electronic
charge distribution. The form factor is a function of Z and the mo-
mentum transfer x:

_ sin(6/2)
B A (8
with A the photon wavelength (in angstroms). Multiple types of form

factors have been proposed in previous studies: non-relativistic, re-
lativistic, modified and anomalous, and their validity was studied by

Rayleigh
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Kissel et al. [17]. Tabulated values of form factors are found in litera-
ture for different ranges of x and Z values, e.g. Hubbell et al. made
available complete form factor tables for a large range of x values
[18,19]. The form factor approach gives satisfactory results for low-
energy photons and for low Z scatterers but deviates from experimental
results when high energy and high Z elements are concerned. Currently
the most precise calculations of the Rayleigh scattering amplitudes
based on form factors can be obtained using modified form factors
coupled with anomalous corrections [17].

The second method used to obtain Rayleigh scattering amplitudes is
based on numerical calculations of second-order scattering matrix
[15,16]. The S-matrix formalism gives the best results but it is com-
putationally demanding. Kissel et al. [14] developed a simplified
method to accurately generate Rayleigh scattering amplitudes using S-
matrix calculations for the inner-shell electrons, which accounts for
most of the contribution, and form-factor-based amplitudes for the
outer electrons. The results of this method reproduce more accurately
the experimental data, compared to the form factor approach [17]. Data
tables of scattering amplitudes obtained with the use of S-matrix cal-
culations can be found in the Rayleigh scattering database (RTAB) [20]
for photons up to 2.754 MeV.

2.1.3. Delbriick scattering

Delbriick scattering is understood as virtual pair production in the
nuclear field followed by annihilation with the emission of a single
photon [21]. Delbriick scattering amplitudes, up to 100 MeV, were
calculated using first-order Born approximation, and tabulated by
Falkenberg et al. [22]. For the limiting case of forward scattering,
analytical formulas may be employed to obtain zero degree scattering
amplitudes [23].

Comparison between experimental and theoretical data for high Z
numbers shows the limitations of the first-order Born approximation
due to exclusion of multiphoton exchange with differences up to 40 %
[24,25]. For a better agreement between experimental and theoretical
results, Coulomb corrections have to be applied. Multiple authors
proposed empirical [26,27] and theoretical [24,25] formulations for
the Coulomb corrections, with limited progress on the theoretical side.

The general properties of the Coulomb corrections were inferred
from experimental data and were shown to be small for scatterers with
Z < 50, i.e. the accuracy of the Born approximation is within 5 % below
Z = 50 [21]. These corrections are also dependent on the photon en-
ergy and the scattering angle. Below 4 MeV, the corrections add up to
the Delbriick scattering amplitudes; between 4 and 7 MeV the correc-
tions seem to have a negligible effect to the total cross sections, while
above 7 MeV, there seems to be a significant contribution but with an
opposite sign with respect to the low energy part [26]. The angular
dependence of the Coulomb corrections follows a similar pattern as the
lowest order approximation, showing a fast decay from low angles to an
almost constant value at angles above 90° [26,27].

2.1.4. Nuclear resonance scattering

Nuclear resonance scattering is referred to the scattering off the tail
of the giant-dipole-resonance (GDR). This process contributes to the
coherent scattering cross section and also to the incoherent scattering
cross section. In this region the photonuclear absorption cross section
can be approximated using one or two Lorentzian lines. Scattering
amplitudes can be calculated using the optical theorem and dispersion
relations [21]:

2

E2 (E2—E? + iET})
AJI_V = drh Z O'vrv EZV £2)2 Ez}z

Thet, (E,—E?)* + E°T;, 9
AN = Al¥cos(6) (10)

where E is the photon energy and E,, T[,, o, are the GDR parameters
with v the Lorentzian line index. The imaginary part of Eq. (9) yields a
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contribution only above the (y,n) threshold and it is set to zero below.
The angular contribution to the scattering amplitude is accounted for
by the cos(6) of the parallel amplitude. Tabulated experimental values
of the GDR parameters are found in literature [28,29] for a wide range
of Z and A values. Besides the GDR parameters, the (y,n) separation
threshold values are needed to calculate the imaginary part of the
scattering amplitude.

2.2. Incoherent scattering cross section

The incoherent part of Eq. (1) corresponds to the transfer of two
angular momentum units in the nuclear resonance scattering process
[30]. The cross section for this interaction can be obtained using [31]:

(s—g) = VBZ(IQK()ZOUOZIOKO)Z[(2051_0(2)2 + (2ﬁ1_ﬁ2)2]%(13 + cos?(8))

(€8]

where I is the nuclear spin, K, is the projection of I, on the symmetry
axis of the nucleus, g, @, $, and 8, can be obtained from:

2
Al =2 (@ +i,)

v=1

(12)

where A is the perpendicular scattering amplitude of the coherent part
of the nuclear resonance scattering.

The contribution of the incoherent part to the total cross section can
be relatively small below 7 MeV [30] but gets noticeable around the
minimum of the elastic scattering cross section. The incoherent scat-
tering cross section contribution to the total differential cross section
vanishes for nuclei where I, < 1.

3. GEANT4 implementation of photon elastic scattering

Here we describe the implementation of a complete theoretical
framework for photon elastic scattering cross section for an energy
range between 0.3 MeV and 20 MeV.

In order to implement the elastic scattering a new class named
ElasticScatteringModel was created. The class inherits from
G4VEmModel same as G4PenelopeRayleighModel or
G4KleinNishinaModel. Three functions were overwritten from the
standard implementation, namely: Initialize — the function in charge of
the initialization of the process — ComputeCrossSectionPerAtom — the
method to compute the cross section depending on a particular atom —
and SampleSecondaries — the function in charge of the sampling pro-
cedures for the secondary particles.

In the initialization phase Initialize is called in order to construct a
three dimensional table of elastic scattering cross sections. Here, the
code retrieves/computes all scattering amplitudes for each elastic pro-
cess and subsequently calculates the elastic scattering cross section by
summing the coherent scattering cross section using Egs. (2) and (3)
with the incoherent scattering cross section calculated with Eq. (11).
The density of the grid is user controlled and defines the resolution of
the calculated cross sections. The calculated cross sections for all the
isotopes used in the geometrical implementation are stored as a func-
tion of the photon energy and the scattering angle. Five additional
functions were created in order to calculate the individual contributions
to the total elastic scattering cross section.

Nuclear Thomson amplitudes were calculated based on the analy-
tical formulas presented in Section (2.1.1). Given the continuous form
of the data no interpolation procedures were necessary.

The Rayleigh scattering amplitudes are computed using the S-matrix
method up to 6 MeV and using modified form factors from 6 MeV up to
20 MeV. Up to 6 MeV we have computed the scattering amplitudes
using the code developed by Kissel to create the RTAB database
[14,20]. Access to the code allowed us to increase the grid density and
to extend the database up to 6 MeV. Due to code limitations [32], for
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photons with energy higher than 6 MeV, the scattering amplitudes were
computed using the form factor approach based on modified form
factors. The modified form factors were obtained as described in re-
ference [20].

Delbriick amplitudes were taken from Falkenberg’s tabulations
[22]. The available data covers photon energies from 0.255 MeV up to
100 MeV. The amplitudes provided do not cover a fixed grid of scat-
tering angles. The low energy part, up to 3 MeV, covers at least the
angles from 10 to 150°, while the high energy part has a fixed grid
between 1 and 120°. The zero degree amplitudes were calculated based
on analytical formulas [23]. In order to complete a two dimensional
grid, as a function of energy and 6, interpolation and extrapolation
procedures were employed.

Coherent nuclear resonance scattering amplitudes were calculated
using the Egs. (9) and (10). The GDR parameters were extracted form
the RIPL-3 database [29] and the neutron separation thresholds were
obtained from NUDAT [33].

To compute the incoherent nuclear resonance scattering cross sec-
tions we used the input data for the coherent nuclear resonance am-
plitudes. The GDR parameters, neutron separation thresholds, the nu-
clear spin and the projection of the states were obtained from the RIPL-
3 database [29].

The angular distribution of the scattered photon is sampled from the
differential cross section using a modified version of the
TH1::GetRandom function, part of ROOT [34]. The azimuthal angle ¢ is
sampled from a uniform random distribution. The average sampling
time of the current implementation is similar to the sampling time of
G4PenelopeRayleigh.

4. Results and discussions

To verify and validate the implementation we performed simula-
tions using GEANT4, version 10.2.2, for several test cases. We tested the
agreement between theory, simulation and experimental data by com-
paring the simulated angular distribution, energy distribution and
atomic number distribution of elastically scattered y-rays with theory
and experimental results. The simulation geometry was kept as simple
as possible containing a mono-energetic point-like source, which gen-
erates a beam of photons along the z-direction and a scattering target
that was a cube of 0.01 cm side made of the studied material. The
scattered photon counting was done on a surface defined by the polar
angle 6 with A8 = 0.5° and the entire azimuthal angle ¢. The angular
distribution was mapped using a 5° grid on theta. The simulated cross
section was calculated using the number of incident and scattered
photons, the target parameters and the solid angle of the counter. The
newly implemented elastic scattering process was the only physical
process active in order to ease the computational effort. For the test
simulations we used an uniform grid of 181 X 1000 points (angle versus
energy).

In the first part of the validation, low energy photon scattering on
2381 was simulated and compared with data presented by Milstein and
Schumacher [35]. The simulated curves shown in Fig. 1, are in good
agreement with the experimental points for energies below 1.3 MeV.
Significant differences between the simulated and experimental cross
sections are observed at 2.754 MeV. The observed disagreement is at-
tributed to the lack of Coulomb corrections [35] in the current im-
plementation.

Fig. 2 illustrates the atomic number dependence of the differential
cross section of 2.754 MeV photons elastically scattered at various angles.
Note that overall there is good agreement between the experimental and
simulated results except for small scattering angles and high Z materials
where the Coulomb corrections play an important role [27]. Indirectly, the
graph highlights the variation of the Coulomb correction terms with re-
spect to atomic number and scattering angle for a fixed photon energy of
2.754 MeV. For scattering angles larger than 90° the Coulomb corrections
effect is insignificant, regardless of the atomic number.
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Fig. 1. Elastic scattering differential cross section (ub/sr) versus scattering
angle (degrees) for 2>®U for various photon energies. The solid lines represent a
linear interpolation of simulated points obtained using the current im-
plementation. The dashed lines represent the theoretical data used for the
current implementation. The full circles (red) are experimental points obtained
from Milstein and Schumacher [35]. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this
article.)

To test the performance of the simulation for high energy photons
we use 28U as a test case to compare the simulated results with the
experimental data provided by Rullhusen et al. [26] for 8.998 MeV
photons. Fig. 3 shows the elastic scattering cross section as a function of
the scattering angle for photons of 8.998 MeV. In this energy region
there are two main factors that will limit the accuracy of our current
implementation, Coulomb corrections for Delbriick scattering, and the
uncertainties in the GDR parameters. For angles below 90° Delbriick
scattering contributes considerably to the total cross section which
explains the discrepancies between the simulated and the experimental
data at forward angles.

At high energies the interference between nuclear Thomson and
nuclear resonance scattering amplitudes gives the largest contribution
to the elastic scattering for scattering angles above 90°. Given the
simple description of nuclear Thomson, the GDR parameters will solely
determine the accuracy of the calculations. In this energy region sizable
discrepancies between experimental data and theory have been re-
ported [26], suggesting a sensitive correlation between elastic scat-
tering cross section and the GDR parameters. The simulation results
presented in Fig. 3 used GDR parameters obtained from RIPL-3 data-
base [29] and show good agreement with the experimental data for
angles above 90°, which is the angular interval of interest for experi-
ments at ELI-NP GBS.

Fig. 4 shows the results of another test case up to a photon energy of
20 MeV. Experimental data for '°Au [36] at a fixed scattering angle of
135° is compared with theoretical cross sections and simulated results.
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Fig. 2. Elastic scattering differential cross section (ub/sr) versus atomic number
for a fixed photon energy of 2.754 MeV. The full circles (black) represent the
simulated points obtained using the current implementation. The dotted lines
represent the theoretical data used for the current implementation. The triangle
markers (red) are experimental points obtained from Milstein and Schumacher
[35]. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)

Simulated data was obtained using slightly modified GDR parameters
from Fuller and Weiss [37] where a 0.8 factor was applied to the cross
section of the second Lorentzian. The agreement between experimental
and simulated data is vastly improved by using the modified deformed
parameters instead of the spherical ones from RIPL-3.

An indication of the improvement in the modeling of the photon
elastic scattering obtained with the current implementation with regard
to the default GEANT4 implementation can be observed in Fig. 5. This
graph presents a comparison between simulated and experimental data
for U8 at 120° for the 0.2-12MeV energy interval. The simulated
points were obtained in two different configurations. The full circles
(black) represent simulated results using the elastic scattering im-
plementation presented in this work. The blue squares show simulated
data obtained by using the available implementation of photon elastic
scattering, implementation that contains only Rayleigh scattering
(G4PenelopeRayleigh). As expected, the low energy part of the graph is
reproduced well by both implementations however, differences be-
tween the two implementations start to appear at energies above 1 MeV
and become significant at high energies. The large scattering angle, i.e.
limited contribution of the Coulomb corrections, and proper GDR
parameters (Fig. 3) yield very good agreement between our im-
plementation and the experimental data [30], which is clearly observed
in Fig. 5.

5. Conclusions

This work presents the GEANT4 implementation of the photon
elastic scattering up to photon energies of 20 MeV. A complete theo-
retical framework was used in order to account for the interference
effects between the processes involved in this interaction. Validation
procedures employed for a significant number of test cases showed
good agreement between the experimentally measured and simulated
cross sections. The current modeling of the photon elastic scattering
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best reproduces the experimental data at scattering angles larger than Acknowledgments

90°, which is the angular domain of interest in the detection of NRF rays
for fundamental nuclear physics as well as for the NRF-based applica-
tions. Considerable improvements in accuracy for forward scattering
angles can be achieved including higher orders for Delbriick scattering.
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